Two 2-cell embeddings ı : X → S and  : X → S of a connected graph X into a closed orientable surface S are congruent if there are an orientation-preserving surface homeomorphism h : S → S and a graph automorphism γ of X such that ıh = γ. Mull et al. [Proc. Amer. Math. Soc. 103(1988) 321-330] developed an approach for enumerating the congruence classes of 2-cell embeddings of a simple graph (without loops and multiple edges) into closed orientable surfaces and as an application, two formulae of such enumeration were given for complete graphs and wheel graphs. The approach was further developed by Mull [J. Graph Theory 30(1999) 77-90] to obtain a formula for enumerating the congruence classes of 2-cell embeddings of complete bipartite graphs into closed orientable surfaces. By considering automorphisms of a graph as permutations on its dart set, in this paper Mull et al.'s approach is generalized to any graph with loops or multiple edges, and by using this method we enumerate the congruence classes of 2-cell embeddings of a bouquet of circles and a dipole into closed orientable surfaces.
Introduction
Let X be a finite connected graph allowing loops and multiple edges with vertex set V (X) and edge set E(X). An edge in E(X) connecting vertices u and v (if the edge is a loop then u = v) gives rise to a pair of opposite darts, initiated at u and v respectively, and two darts are said to be adjacent if they are initiated at the same vertex. Denote by D(X) the dart set of X. An automorphism of X is a permutation on D(X) that preserves the adjacency of darts and maps any pair of opposite darts to a pair of opposite darts. All automorphisms of X form a permutation group on D(X) which is called the automorphism group of X and denoted by Aut(X). Clearly, if the graph X is simple, that is if X has no loops or multiple edges, then Aut(X) acts faithfully on the vertex set V (X) and hence can be considered as a permutation group on V (X).
An embedding of X into a closed surface S is a homeomorphism ı : X → S of X (as a one-dimensional simplicial complex in the 3-space R 3 ) into S. If every component of S − ı(X) is a 2-cell, then ı is said to be a 2-cell embedding. Basic terminologies for graph embeddings are referred to White [12] , Gross and Tucker [5] or Biggs and White [2] . In this paper we are concerned with 2-cell embeddings of connected graphs into closed orientable surfaces and for convenience of statement, an embedding of a graph always means a 2-cell embedding of the connected graph into a closed orientable surface unless otherwise stated.
Two 2-cell embeddings ı : X → S and  : X → S of a graph X into a closed orientable surface S are congruent if there are an orientation-preserving surface homeomorphism h : S → S and a graph automorphism γ of X such that ıh = γ. When we restrict γ as the identity in this definition, the two embeddings ı and  are called equivalent. In other words, the equivalence (congruence resp.) classes of embeddings of a graph X is the isomorphism classes of embeddings of a labeled (an unlabeled resp.) graph X. Enumerating unlabeled objects is technically more difficult than enumerating labeled ones. Likewise, enumerating the congruence classes of embeddings of a graph is more difficult than enumerating the equivalence classes of them.
Each equivalence class of embeddings of X into an orientable surface corresponds uniquely to a combinatorial map M = (X; ρ) (see Biggs and White [2, Chapter 5] ), where ρ is a permutation on the dart set D(X) such that each cycle of ρ gives the ordered list of darts encountered in an oriented trip on the surface around a vertex of X. The permutation ρ is called the rotation of the map M. Conversely, a permutation ρ ′ on the dart set D(X) whose orbits coincide with the sets of darts initiated at the same vertex, called a rotation of the graph X, gives rise to a map M ′ = (X; ρ ′ ) which corresponds to an equivalence class of embeddings of X into a closed orientable surface. Let ρ be a rotation of X. In the cycle decomposition of ρ, the cycle permuting the darts initiated at a vertex v is said to be the local rotation ρ v at v. Clearly, ρ and ρ v are permutations in S D(X) , the symmetric group on D(X), and ρ = v∈V (X) ρ v . Denote by R(X) the set of all rotations of X. Then for any ρ ∈ R(X) and h ∈ Aut(X), ρh is the composition of permutations ρ and h on D(X) in S D(X) (for convenience, all permutations and functions are composed from left to right). By contrast, it is known [2] that two embeddings of X into an orientable surface are congruent if and only if their corresponding pairs M 1 = (X; ρ 1 ) and M 2 = (X; ρ 2 ) are isomorphic, that is, there is a graph automorphism φ ∈ Aut(X) such that ρ 1 φ = φρ 2 . If ρ 1 = ρ 2 = ρ then φ is called an automorphism of the map M = (X; ρ) and all automorphisms of the map M = (X; ρ) form the automorphism group of the map M, denoted by Aut(M). It is well-known that Aut(M) is semiregular on D(X) (for example see [2, Chapter 5] ), that is, the stabilizer of any arc of D(X) in Aut(M) is the identity group. In particular, the map M is regular if Aut(M) is transitive on the dart set D(X).
Mull et al. [11] enumerated the congruence classes of embeddings of the complete graphs and the wheel graphs into orientable surfaces, and Mull [10] did the same work for the complete bipartite graphs. Kwak and Lee [8] gave a similar but extended method for enumerating the congruence classes of embeddings of graphs with a given group of automorphisms into orientable and also into nonorientable surfaces.
As a distribution problem of the equivalence (or congruence) classes of embeddings of a graph into each surface, the genus distributions for the bouquet B n and the dipole D n into orientable surfaces were done in [4] and [7] , respectively, and a similar work into nonorientable surfaces was done by Kwak and Shim [9] .
For more results related to embeddings of connected graphs, see [2, 3, 5] . The enumerating approach in [11] was developed for simple graphs. In this paper it is generalized to any graph with loops or multiple edges. With this generalization, we give formulae for the numbers of congruence classes of embeddings of the bouquet B n , the graph with one vertex and n loops, and the dipole D n , the graph with two vertices and n multiple edges.
Enumerating formula
In this section, we generalize Mull et al.'s method for enumerating the congruence classes of embeddings of simple graphs to any graph with loops or multiple edges. This generalization can be easily proved by a similar method given in [11] , and we omit the detailed proof. For a graph X, since the automorphism group Aut(X) is defined as a permutation group on the dart set of X, Aut(X) acts on its rotation set R(X) by conjugacy action, that is, ρ α = α −1 ρα for all α ∈ Aut(X) and ρ ∈ R(X). Corresponding to Theorem 5.2.4(ii) of [2] , we have the following proposition which is just Burnside's Lemma for the present context.
Proposition 2.1 The number of congruence classes of embeddings of a connected graph
where Fix(α) = {ρ ∈ R(X) | α −1 ρα = ρ} is the fixed set of α.
Let Cℓ(α i ), 1 i m, denote the conjugacy classes of Aut(X) with α i (1 i m) as representatives. It is easy to see that |Fix(α)| = |Fix(α i )| for every α ∈ Cℓ(α i ). Thus, the electronic journal of combinatorics 17 (2010), #R41
Eq. (1) can be further written as the following form.
For β ∈ Aut(X) which fixes v ∈ V (X), we define the fixed set Fix v (β) at v of β to be the set of local rotations at v fixed by β under conjugacy action, that is, Proposition 2.2 Let α ∈ Aut(X) and let S be the set of representatives of the orbits of α acting on V (X). Then,
is semiregular and has order d, 0 otherwise.
Embeddings of a bouquet of circles
In this section we enumerate the congruence classes of embeddings of B n , the bouquet with n loops. For a real number x, denote by ⌊x⌋ the largest integer that is not greater than x. For an edge e of B n , let e + and e − be the two opposite darts corresponding to e. Denote by E(B n ) = {e 1 , e 2 , . . . , e n },
n , e − n }, the edge set and the dart set of B n , respectively. Let 1 ℓ n. To construct automorphisms of B n , we divide the edge set {e 1 , e 2 , . . . , e r } with r = ℓ⌊
⌋ blocks of size ℓ as follows: {e 1 , e 2 , . . . , e ℓ }, {e ℓ+1 , e ℓ+2 , . . . , e 2ℓ }, . . . , {e (⌊ n ℓ ⌋−1)ℓ+1 , e (⌊ n ℓ ⌋−1)ℓ+2 , . . . , e r } and we define 
when s is an odd divisor of n,
In particular,
Clearly, for an odd divisor s and any divisor t of n, a s and
⌋) are semiregular automorphisms of B n of orders s and 2t, respectively.
For example, if n = 5, then s and t are 1 or 5. In this case, all possible permutations g s i , a s , b t,j on the set D(B 5 ) are as follows. Note that these are all semiregular automorphisms of B 5 .
Clearly, A induces an action on the edge set E. The kernel of this action is K and A/K ∼ = S n . In fact, the automorphism group Aut(B n ) is the wreath product Z 2 ≀ S n and |Aut(B n )| = 2 n n!. For an element g of a group A, denote by o(g) the order of g in A, by C A (g) the centralizer of g in A and by Cℓ(g) the conjugacy class of A containing g.
Let n > 2 and Ω = {1, 2, . . . , n}. Let S n be the symmetric group on Ω. For a g ∈ S n , the cycle type of g is the n-tuple whose k-th entry is the number of k-cycles presented in the disjoint cycle decomposition of g. By elementary group theory, two permutations in the electronic journal of combinatorics 17 (2010), #R41 S n are conjugate if and only if they have the same cycle type. Furthermore, if g ∈ S n has cycle type (t 1 , t 2 , . . . , t n ) then the conjugacy class Cℓ(g) of S n containing g has cardinality
and the size of the centralizer of g in S n is n!/|Cℓ(g)|.
The following lemma describes the conjugacy class structure of semiregular elements of Aut(B n ), which is essential to enumerate the congruence classes of embeddings of a bouquet B n of n circles.
(1) for any two odd divisors s 1 , s 2 of n, Cℓ(a s 1 ) = Cℓ(a s 2 ) if and only if s 1 = s 2 ;
(2) for any two divisors t 1 , t 2 of n, Cℓ(b t 1 ,j 1 ) = Cℓ(b t 2 ,j 2 ) if and only if t 1 = t 2 and
Proof. Let g have order p. Since g is semiregular on D(B n ), one has p | 2n. First assume that each cycle in the disjoint cycle decomposition of g contains no opposite darts of an edge. Then gK is conjugate in A/K to
which is a p when p is odd and b p 2 , n p when p is even. Now assume that a cycle in the disjoint cycle decomposition of g contains the two opposite darts of an edge, say e + and e − . Then there is an integer t such that 0 < t < o(g) and (e + ) g t = e − . Thus, g t fixes the edge e, forcing (e − ) g t = e + . This means that g 2t fixes the dart e + and by the semiregularity of and e − has the form (e
, where 1 i 1 < i 2 < · · · < i t n, δ j = ±1 and δ j δ ′ j = −1 for each 1 j t. The semiregularity of g implies that each cycle in the disjoint cycle decomposition of g has length 2t. Let j be the number of cycles in the disjoint cycle decomposition of g which contains no opposite darts of an edge. Since
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and hence g is conjugate in A to
⌋. Clearly, if j 1 = j 2 then Cℓ(b t,j 1 ) = Cℓ(b t,j 2 ). If Cℓ(b t,j 1 ) = Cℓ(b t,j 2 ) then b t,j 1 and b t,j 2 are conjugate in A and hence the induced actions of b t,j 1 and b t,j 2 on E are conjugate in A/K ∼ = S n . It follows that j 1 = j 2 because the induced action of b t,j i (i = 1, 2) on E is a product of j i disjoint 2t-cycles and n−2tj i t t-cycles. To prove (3), we first prove the following fact.
Fact: Let t and s be divisors of n with s odd. Set x = a s or b t,j , where 0 j ⌊ n 2t ⌋. If there exists a k ∈ K such that o(x) = o(xk) and xk is semiregular on D(B n ), then xk is conjugate to x in K.
Assume that o(x) = o(xk) and xk is semiregular on D(B n ). Then xk and x have the same number of cycles in their disjoint cycle decompositions, which implies that k is a product of even k i 's in K = k 1 ×· · ·× k n because k j is a 2-cycle for each 1 j n. The lemma is clearly true for k = 1.
Set c 0 = (e 
, one has xk = h −1 xh, where h = r j=1 h j ∈ K. Thus, xk and x are conjugate in K. Now assume that x = c 0 , c 1 . For 1 ℓ n, let B ℓ and B n−ℓ be the bouquets with V (B ℓ ) = V (B n−ℓ ) = V (B n ), E(B ℓ ) = {e 1 , . . . , e ℓ } and E(B n−ℓ ) = {e ℓ+1 , . . . , e n }. If Let k = h 1 h 2 be such that h 1 ∈ k 1 ×· · ·× k m and h 2 ∈ k m+1 ×· · ·× k n . Since xk is a semiregular automorphism of B n , x 1 h 1 and x 2 h 2 must be semiregular automorphisms of the bouquets B m and B n−m with the same order as x because xk = (x 1 h 1 )(x 2 h 2 ). By induction on n, there exist h
This completes the proof of the Fact. ⌋ one has
where
xy is semiregular and has the same order as x. By the above Fact, there exists a k ∈ K such that xk ′ = k −1 xk and hence (yk)
Note that K is the kernel of the induced action of A on the edge set E = {e 1 , e 2 , . . . , e n }. One may view A/K as a permutation group on E. Denote by xK the induced permutation of x on E. If x = a s then xK is a semiregular permutation of order s on E. Since A/K ∼ = S n , by Eq (3) one has
If x = b t,j then b t,j K is a product of j disjoint 2t-cycles and n−2jt t disjoint t-cycles. Thus,
On the other hand,
Similarly, one has
As a result, one has
Theorem 3.2 Let C(B n ) be the set of congruence classes of embeddings of a bouquet B n of n circles. Then
Proof. By Proposition 2.1 and Eq. (2),
Note that |Fix(g i )| = 0 only for semiregular automorphisms g i because each rotation in R(B n ) is a 2n-cycle. By Lemma 3.1 (1) and (2), we have
By Proposition 2.2,
Thus,
Let n = p be an odd prime. Then in Theorem 3.2, s and t should be 1 or p. Furthermore, the formula in Theorem 3.2 can be simplified as follows.
Corollary 3.3 Let p be a prime and let C(B p ) be the set of congruence classes of embeddings of a bouquet B p of p circles. Then
When n = 1, 2, 3, 4, 5, 6, 7 or 8, the number |C(B n )| is 1, 2, 5, 18, 105, 902, 9749 or 127072, which grows rapidly. The following theorem estimates how the number |C(B n )| varies rapidly.
Proof. We first give two facts without proof, of which the second one is well known. and by Fact 2, a n n!3
Thus, lim n→∞ a n (2n − 1)!/2 n n! = 0.
It is easy to see that
Again by Facts 1 and 2, one has b n n!/2 + n 2 4 n 4
Noting that
As a result, lim n→∞ b n (2n − 1)!/2 n n! = 0 and hence
. We have the following corollary. 
Embeddings of a dipole
In this section we enumerate the congruence classes of embeddings of D n , the dipole with two vertices and n multiple edges. For an edge e of D n , let e + and e − be the two opposite darts corresponding to e, respectively. The following theorem is the main result of this section. 
⌋ when s is an odd divisor of n,
when t is a divisor of n.
Let A = Aut(D n ). Let H and K be the kernels of A acting on the vertex set V (D n ) and edge set E(D n ), respectively. Then, A/H ∼ = Z 2 and A/K ∼ = S n , the symmetric group of degree n. It follows that A = H × K ∼ = S n × Z 2 , where K = k with k = (e Let g ∈ A and ρ ∈ R(D n ) be such that g −1 ρg = ρ. As A = H ∪ kH, one has g ∈ H or kH. First assume g ∈ H. Then, g fixes the vertices u and v, and g −1 ρg = ρ the electronic journal of combinatorics 17 (2010), #R41
implies that g −1 ρ u g = ρ u . Since ρ u is an n-cycle on the set D + (D n ) and since H can be viewed as a symmetric group on D + (D n ), g −1 ρ u g = ρ u implies that g, as a permutation on D + (D n ), is semiregular. Then, g, as a permutation on D + (D n ), is conjugate Now assume g = kh ∈ kH. Then g −1 ρg = ρ implies g −2 ρg 2 = ρ, that is, h −2 ρh 2 = ρ. Since h ∈ H fixes each vertex of D n , h −2 ρ u h 2 = ρ u . Noting that ρ u is an n-cycle on D + (D n ), h 2 must be semiregular, implying that h is either semiregular or has two kinds of cycles in the disjoint cycle decomposition of h which have length an odd integer s or length 2s. If h is semiregular of order t then h ∈ Cℓ(h t ) and g ∈ Cℓ(kh t ). If h has two kinds of cycles of length s and 2s, let h be of j disjoint 2s-cycles in the disjoint cycle decomposition of h. Then h ∈ Cℓ(g s,j ) and g ∈ Cℓ(kg s,j ) for 1 j ⌊ n 2s
⌋. Note that g s,0 = h s and if n is even then g s, 
